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Multiple-Q spin textures, such as magnetic bubble and skyrmion lattices, have been observed in a large fam-
ily of magnets. These spin textures can be driven into motion by external stimuli. The motion of spin textures
affects the electronic states. Here we show that to describe correctly the electronic dynamics, the momen-
tum space needs to be transcended to higher dimensions by including the ancillary dimensions associated with
phason modes of the translational motion of the spin textures. The electronic states have non-trivial topology
characterized by the first and second Chern numbers in the high dimensional hybrid momentum space. This
gives rise to an anomalous electric charge transport due to the motion of spin textures. By deforming the spin
textures, a nonlinear response associated with the second Chern number can be induced and results in the piezo-
electricity. The charge transport is derived from the semi-classical equation of motion of electrons that depends
on the Berry curvature in the hybrid momentum space. Our results suggest that the motion of multiple-Q spin
textures has significant effects on the electronic dynamics and provides a new platform to explore high dimen-
sional topological physics.
I. INTRODUCTION
Spatially localized spin textures with nontrivial topology,
such as magnetic bubble and skyrmion, has been observed
in several families of material systems including both metals
and insulators, and heterostructures [1–4]. These spin textures
form a lattice, which gives rise to several Bragg peaks associ-
ated with the lattice symmetry in the spin structure factor [1].
For this reason, these crystallized spin textures are also named
as multiple-Q spin textures. The spin textures respond to var-
ious external stimuli, including electric current [5–7], electric
field [8, 9], magnetic field [10, 11], thermal gradient [12–14],
and strain [15–17], which renders them as very promising en-
tities for applications [18–20].
The static spin texture has significant effects on electronic
wave functions and affects the dynamics of conduction elec-
trons [21, 22]. For instance, when electrons interact with a
static skyrmion, they experience an effective magnetic field
produced by the noncoplanar spin texture. As a consequence,
there is a topological Hall effect, which has been observed ex-
perimentally [23–25]. The noncoplanar spin texture can open
an energy gap in the electronic spectrum and stabilize a Chern
insulator [22, 26–28]. The spin texture can be driven into
motion by magnetic or electric field gradients [9–11], ther-
mal gradients [12–14], and spin-polarized currents [29–31].
How the motion of spin textures affects the electronic dynam-
ics is an important question. In ferromagnetic metals, the in-
teraction between conduction electrons and moving spin tex-
tures can generate an emergent electric field that results in a
spin motive force affecting the electronic dynamics [7, 32–
34]. Nevertheless, how it works for a gapped system is not
well understood.
In this paper, we reveal that the description of the dynam-
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ics of conduction electrons coupled to the moving multiple-Q
spin textures requires a transcendent high dimensional mo-
mentum space. The high dimensional momentum space is
spanned by the physical dimensions and ancillary dimensions
associated with phason modes of the translational motion of
spin textures. The electronic states can have nontrivial topol-
ogy characterized by the first and second Chern numbers in
the hybrid momentum space when the energy spectrum is
gapped. Due to the nontrivial topology, there is an anoma-
lous charge transport in magnets with moving multiple-Q spin
textures. To explain the anomalous charge transport, we de-
velop a general semi-classical theory to study the response of
electronic states to the motion and deformation of spin tex-
tures. Our results demonstrate that the motion of multiple-
Q spin textures has profound consequences on the electronic
wave functions and dynamics.
II. MODEL AND DIMENSION TRANSCENDENCE
The interaction between conduction electrons and spin tex-
tures can be described by the Hamiltonian
H = −t
∑
〈i, j〉
c†i c j − J
∑
i
c†i Si · σci − B
∑
i
c†i σzci, (1)
where ci = (ci,↑, ci,↓)> is the annihilation operator of conduc-
tion electrons with spin ↑ and ↓ at the ith site, 〈i, j〉 denotes
two nearest-neighbor sites on a 2D square lattice, σ repre-
sents the vector of Pauli matrices, and Si encodes the spin tex-
ture. Here we assume that the spin texture Si is stabilized by
other stronger interactions and is not affected by the conduc-
tion electrons. The spin configuration of the multiple-Q spin
textures can be generally described by
Si =
∑
ν
Gµν (Qν · ri + φν)eˆµ, (2)
where Gµν (φν) = G
µ
ν (φν + 2pi) and the Einstein summation con-
vention is employed hereafter. The translational motion of the
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2spin texture, ri → ri+vτ, is depicted by the phase φν = Qν ·vτ,
where v is velocity and τ is time.
The coupling of conduction electrons to multiple-Q spin
textures yields a magnetic superlattice. We denote the crystal
momentum of the magnetic superlattice as k. The Hamilto-
nian in the momentum space is also a periodic function of
φν besides k, i.e. H(k,φ) with φ = (φ1, φ2, · · · ). There-
fore, when the spin texture is moving, the electronic dynam-
ics is depicted in the effective momentum space spanned by
k˜ = k ⊕ φ= (kx, ky, φ1, φ2, · · · ), a hybridization of crystal mo-
menta and phason modes of the translational motion of spin
textures. The motion of the spin textures is slow compared
to electronic dynamics. For instance, for a spin texture with
period 1 nm moving at a velocity 1 m/s, φν changes at a rate
of 1 GHz. As a good approximation, the electronic spectrum
En( k˜) and the corresponding eigenstate |ψn k˜〉 evolve adiabati-
cally with φν.
III. NONLINEAR RESPONSE
The semi-classical equation of motion for an electronic
wave packet with the dispersion En( k˜) and center of mass rn
follows
r˙µn =
∂En( k˜)
~∂k˜µ
− ˙˜kνΩµνn ( k˜), (3)
where Ωµνn = i∂k˜µ 〈un k˜|∂k˜νun k˜〉 − i∂k˜ν 〈unk˜|∂k˜µun k˜〉 is the Berry
curvature and |un k˜〉 is the periodic part of the Bloch state |ψnk˜〉.
Eq. (3) is meaningful only when µ = x or y since the center of
mass rn is confined in the real space. Here the first term is the
group velocity and the last term is the anomalous velocity due
to nonzero Berry curvatures [35]. In the absence of external
electromagnetic fields, ˙˜kν = k˙ν = 0 for ν = {x, y}. How-
ever, the translational motion of spin textures described by
φν = ωντ ensures a nonzero ˙˜kν = φ˙ν = ων for ν = {1, 2, · · · }.
In addition to the conventional anomalous velocity −k˙νΩµνn ( k˜)
[35], there is a new contribution −φ˙νΩµνn ( k˜) that can be ob-
tained in the semi-classical theory (see Appendix A-C). The
Berry curvature in the new contribution is defined in the hy-
brid momentum space consist of the crystal momentum kµ and
phason mode φν. The semi-classical equation of motion is de-
rived in the leading order. The higher order corrections do not
change the form of equation of motion but modify the disper-
sion relation and Berry curvature due to interband coupling
(see Appendix B). Since the higher order corrections do not
change our finally results (proved in Appendix D), the mod-
ifications of dispersion relation and Berry curvature are not
considered here. The corresponding current density due to the
translational motion of spin textures is
jµ0 = e
∑
n
∫
d2k
4pi2
f (En − EF)
(
∂En
~∂kµ
− ωνΩµνn
)
, (4)
where f (En − EF) is the Fermi distribution function and EF
is the Fermi energy. When the energy spectrum is gapped in
the hybrid momentum space and the Fermi energy EF is in the
gap, the first term in Eq. (4) vanishes. The transported charge
over one period ∆τ = 2pi/|ων| at zero temperature is
qµ0 = −
eNµ
|ων|
∑
En≤EF
∫ 2pi
0
dφν
∫
d2k
4pi2
ωνΩ
µν
n =
eNµωνC
µν
1
|ων| , (5)
Cµν1 = −
1
2pi
∑
En≤EF
∫
dkµdφνΩ
µν
n , (6)
where Cµν1 is the first Chern number defined on the k˜µk˜ν plane
and is independent of the other momenta if the energy gap
retains open in the entire hybrid momentum space, and Nµ is
the number of unit cells in the cross section perpendicular to
the µ direction. Therefore the translational motion of the spin
textures can result in quantized charge transport in magnetic
insulators with Cµν1 , 0, which is the topological pumping.
The response function Eq. (4) becomes nonlinear when
the dynamics of φν couples with r˙n. This can be achieved
by deforming the spin texture, Qν → Qν + Q′ν. Therefore,
φν = ωντ + Q′ν · rn, and its dynamics follows
˙˜kν = φ˙ν = ων + Q′νµr˙
µ
n , (7)
that depends on the velocity of wave packet (see Appendix A).
Substituting Eq. (7) into Eq. (3) and retaining the terms up to
the second order in ων and Q′νµ, we obtain
r˙µn =
∂En
~∂kµ
−ωνΩµνn −
(
∂En
~∂kγ
− ωδΩγδn − ∂En~∂kηQ
′
δηΩ
γδ
n
)
Q′νγΩ
µν
n ,
(8)
where the first two terms correspond to the linear response in
Eq. (4). The last term in Eq. (8) originated from the deforma-
tion of spin textures induces a nonlinear response
jµ = jµ0 + e
∑
n
∫
d2k
8pi2
f (En − EF)Fµνγδn ωνQ′γδ, (9)
where Fµνγδn = Ω
µν
n Ω
γδ
n + Ω
µγ
n Ω
δν
n + Ω
µδ
n Ω
νγ
n (see Appendix D).
In this case, the transported charge over ∆τ at zero tempera-
ture is
qµ = qµ0 +
eLµ
|ων|
∫ 2pi
0
dφν
∑
En≤EF
∫
d2k
8pi2
Fµνγδn ωνQ′γδ
≈ qµ0 +
eLµCµνγδ2 ωνQ
′
γδ
4pi|ων|
(10)
where Lµ is the size of the cross section perpendicular to the
µ direction and
Cµνγδ2 =
1
4pi2
∑
En≤EF
∫
dkµdφνdkγdφδF
µνγδ
n , (11)
is the second Chern number [36] defined on the k˜µk˜νk˜γk˜δ hy-
persurface of the hybrid momentum space. Here we make the
approximation that Fµνγδn ≈
∫
dφδF
µνγδ
n /2pi. The approxima-
tion is valid when the Berry curvatures are weakly dispersive
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FIG. 1. Spin textures obtained from the Monte Carlo simulation.
(a) The double-Q collinear magnetic bubble lattice. (b) The triple-Q
collinear magnetic bubble lattice. (c) The triple-Q skyrmion lattice.
Here the arrows represent the in-plane components and the back-
ground color (with red for positive and blue for negative) stands for
the z component of local spins. (d)-(f) Electronic spectral functions
as a function of φ2 (φ˜2) for conduction electrons coupled to the three
spin textures (a)-(c), respectively. Here the purple (yellow) denotes
low (high) density of states.
as a function of φδ. This is true when the spin texture is incom-
mensurate with the lattice or the period of spin texture is much
larger than the lattice constant. In our definition, both Cµν1 and
Cµνγδ2 are antisymmetric under the permutation of the indices
because Ωµνn = −Ωνµn . Equation (10) demonstrates that, in
addition to the contribution from the first Chern number, the
charge transport has the contribution from the second Chern
number when the spin texture is deformed.
To substantiate the anomalous charge transport due to
the translational motion of the spin textures from the semi-
classical analysis above, we study the charge transport in mag-
nets with several typical multiple-Q spin textures obtained
from the Monte Carlo simulation (see Appendix E). Here we
consider three kinds of spin textures: double-Q and triple-Q
collinear magnetic bubble lattices where spins are nearly par-
allel or antiparallel due to the strong easy axis anisotropy,
and triple-Q skyrmion lattice as shown in Figs. 1(a)-1(c),
respectively. For conduction electrons hopping on a square
lattice (whose lattice constant is set to unity), the Qν vectors
for the double-Q magnetic bubble lattice are Q1 = (2pi/5, 0)
and Q2 = (0, 2pi/5), while for the triple-Q magnetic bub-
ble and skyrmion lattices are Q1 = (−2pi/5, 2
√
3pi/5), Q2 =
(−2pi/5,−2√3pi/5), and Q3 = (4pi/5, 0). For the triple-Q
states, because
∑3
ν=1 φν = 0 for a translational motion, only
two of φν are independent of each other.
IV. TOPOLOGICAL PROPERTY
To identify the topology of electronic states in magnets with
the multiple-Q spin textures, we first study their electronic
spectra in the hybrid momentum space. For the double-Q
magnetic bubble lattice, the translational motion of the spin
texture is parameterized by φν = ωντ. The energy spectrum
as a function of φ2 (with φ1 = 0) is shown in Figs. 1(d) for
the double-Q spin texture with J = 1.5t and B = 0. Here
we use the periodic boundary condition along the x direction
and the open boundary condition along the y direction. Ap-
parently, there are topological edge states in the bulk energy
gaps indicating the system is topologically nontrivial. For the
triple-Q spin textures, to make them commensurate with the
lattice, we compress the lattice constant along the y direc-
tion to 1/
√
3. In this case, because
∑3
ν=1 φν = 0, we define
φ˜1 = −(φ1 + φ2)/2 = φ3/2 and φ˜2 = (φ1 − φ2)/2 that are in-
dependent. The change of φ˜1 and φ˜2 corresponds to the shift
of triple-Q spin textures along the x and y directions, respec-
tively. Thus we can parameterize the translational motion of
the triple-Q spin textures by φ˜ν = ωντ. The energy spectra
as a function of φ˜2 (with φ˜1 = 0) for the triple-Q magnetic
bubble and skyrmion lattices with J = 1.5t and B = −1.2t are
displayed in Figs. 1(e) and 1(f), respectively. The topological
edge states and bulk energy gaps persist for the triple-Q spin
textures.
To characterize the nontrivial band topology, we calcu-
late the Chern numbers of the system with an efficient al-
gorithm by using the U(1) link variable [37, 38]. For com-
mensurate spin textures, the system has translational symme-
try and we can describe it in a high dimensional hybrid mo-
mentum space spanned by the generalized crystal momen-
tum k˜ = (kx, ky, φ1, φ2) for the double-Q spin texture and
k˜ = (kx, ky, φ˜1, φ˜2) for the triple-Q spin textures. Even if
the spin texture is incommensurate with the lattice, kx and ky
can still be introduced by using the twisted boundary condi-
tion [39]. Consequently, the Chern numbers in Eqs. (6) and
(11) are well defined on the compact manifold. As an ex-
ample, we consider the Fermi energy in the bottom bulk en-
ergy gaps in Figs. 1(d)-1(f). In the 4D hybrid momentum
space, there are six first Chern numbers: Cx11 = C
y2
1 = 2
and Cxy1 = C
x2
1 = C
y1
1 = C
12
1 = 0, and one second Chern
number: Cx1y22 = −2 for the double magnetic bubble lat-
tice. For the triple-Q magnetic bubble and skyrmion lat-
tices, they have the same Chern numbers: Cx11 = C
y2
1 = 2,
Cxy1 = C
x2
1 = C
y1
1 = C
12
1 = 0, and C
x1y2
2 = −4. Interestingly,
our results demonstrate an insulator that is trivial in the crys-
tal momentum space, can be topologically nontrivial in the
hybrid momentum space.
V. ANOMALOUS CHARGE TRANSPORT
The translational motion of spin textures can induce a quan-
tized charge transport according to Eqs. (5) and (6). Here we
consider the spin textures shifting along the y direction on a
40 × 40 lattice (containing 8 × 8 supercells) with ω1 = 0 and
ω2 = 2pit/100~, and we calculate the electric currents of the
system by solving the time-dependent Schro¨dinger equation
(see Appendix F). We focus on the Fermi energy in the bot-
tom bulk energy gaps in Figs. 1(d)-1(f). For the double-Q
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FIG. 2. Currents along the x and y directions induced by the translational motion of spin textures. (a) Currents for the double-Q magnetic
bubble lattice in Fig. 1(a), (b) currents for the triple-Q magnetic bubble lattice in Fig. 1(b), and (c) currents for the triple-Q skyrmion lattice in
Fig. 1(c). (d)-(f) Currents for the three spin textures under a shear deformation. (g)-(i) Sheared spin textures are obtained by applying a shear
strain on the spin textures in Fig. 1(a)-(c).
magnetic bubble lattice, the currents along the x and y direc-
tions over ten periods are shown in Fig. 2(a). By integrating
the currents over time, the average transported charges in one
period are qx = 0.01e and qy = 15.95e. According to Eq.
(5), qx = eN xω2Cx2/|ω2| = 0 and qy = eNyω2Cy2/|ω2| =
16e. Apparently, the number obtained by simulation shows
a good agreement with that obtained from the semi-classical
equation. For the triple-Q magnetic bubble lattice, we have
qx = 0.14e and qy = 16.04e from the currents in Fig. 2(b),
while for the triple-Q skyrmion lattice, we have qx = 0.00e
and qy = 15.96e from the currents in Fig. 2(c). The numerical
results for the triple-Q spin textures are also consistent with
qx = 0 and qy = 16e obtained from Eq. (5).
The nonlinear response can be realized by deforming the
spin texture as shown in Eqs. (7) and (9). For the double-Q
magnetic bubble lattice, we deform the spin texture by set-
ting φ1 = Q′1 · r with Q′1 = (0, 2pi/20). This induces a shear
strain γxy = −Q′1y/Q1x = −0.25 on the spin texture that re-
sults in x → x + γxyy, as shown in Fig. 2(g). The currents
due to the translational motion and shear strain of the spin
texture are displayed in Fig. 2(d). In this case, the trans-
ported charges in one period are qx = −3.92e and qy = 15.89e
from the currents in Fig. 2(d). Meanwhile, according to the
Eq. (10), we have qx = eLxCx21y2 ω2Q
′
1y/2pi|ω2| = −4e where
Cx21y2 = C
x1y2
2 = −2, and qy = 16e as before. The results from
numerical simulation and semi-classical analysis are consis-
tent with each other. Therefore, we demonstrate that, besides
the longitudinal charge transport due to the linear response,
there is a transverse charge transport caused by the nonlin-
ear response of the deformed spin texture. Moreover, one
can probe the Chern numbers experimentally from the quan-
tized charge transport. For the triple-Q spin textures, the shear
strain can also be induced by taking φ˜1 = Q′1 · r, where we set
Q′1 = (0, 2
√
3pi/40) and γxy = Q′1y/Q1x = −0.125
√
3 in Figs.
2(h) and 2(i). The currents of the triple-Q magnetic bubble
lattice are shown in Fig. 2(e) and the transported charges in
one periodic are qx = −3.43e and qy = 15.60e. The currents
of the triple-Q skyrmion lattice are shown in Fig. 2(f) and the
transported charges are qx = −3.48e and qy = 15.92e. Equa-
tion (10) yields qx = −4e and qy = 16e for the triple-Q spin
textures. In this case, the numerical results are less quantized.
One possible reason is due to the fact that the spin textures
from Monte Carlo simulation are not exactly periodic. As a
comparison, we also calculate the current for the double-Q
and triple-Q spin texture ansatz described by the linear super-
position of cosine functions, and the transported charge for the
ansatz are perfectly quantized (see Appendix G).
When the deformed spin texture is commensurate with the
lattice, one may wonder whether the anomalous charge trans-
port can be fully characterized by the first Chern numbers of
the deformed system. To answer this question, we take the de-
formed double-Q magnetic bubble lattice studied above as an
example. Under the deformation induced by Q′1 = (0, 2pi/20),
the new unit cell is enlarged to contain 5 × 20 lattice sites
(fourth larger than the undeformed unit cell that is 5 × 5).
Therefore on the 40 × 40 lattice, Nx = 2 and Ny = 8. Be-
cause the lattice constant along the y direction is increased by
4 times, the period of motion of the spin texture is also in-
5creased by 4 times (since ω2 is fixed). By performing exactly
the same calculation, we find the relevant first Chern num-
bers of the deformed system become Cx21 = −8 and Cy21 = 8.
Plugging these into Eq. (5), we get qx = −16e and qy = 64e
in one period of motion. To compare with the previous re-
sults, we need to divide the new qx and qy by 4 to count the
transported charges in the same period of time as the unde-
formed case. Thus, the two independent approaches yield the
same result. As shown in this example, even a small defor-
mation of spin textures can increase the size of unit cell sig-
nificantly. With the periodic modulation extended to a larger
length scale, there are more energy bands due to the band fold-
ing, accompanying complicated band gap closing and open-
ing in this process, where the topological phase transitions are
possible. Therefore, without the nonlinear response function
associated with the second Chern number, one needs to calcu-
late different first Chern numbers for different deformation to
understand the charge transport. This calculation turns out to
be impractical for small deformation that results in huge unit
cells. In this sense, the nonlinear response theory can make
life much easier since one only needs to know the first and
second Chern numbers of the undeformed system and these
Chern numbers are usually relatively easy to calculate.
VI. LINEAR PIEZOELECTRICITY.
As we have shown above, the deformation of spin textures
is essential to generate the nonlinear response. The defor-
mation of magnetic skyrmion lattices has been realized in a
strained crystal [17] or by applying an electric field [40]. Very
recently, the deformation of the moving magnetic skyrmion
lattice under electric current flow has also been observed [41].
According to Eq. (9), the current depends linearly on the de-
formed Q′v vector, i.e. jµ ∝ Q′γδ. For instance, when the spin
texture is deformed by an effective shear strain γxy ∝ Q′1y in
our numerical simulation above, the linear piezoelectric cur-
rent is jx ∝ γxy. To verify the linear piezoelectricity, we cal-
culate qx as a function of γxy and we expect qx ∝ γxy. The
numerical results are displayed in Fig. 3. For the finite system
size (40 × 40 lattice sites) considered in our numerical cal-
culations, the shear strain are limited to a few discrete values
in order to retain the periodic boundary condition. For much
larger systems, the shear strain can be tuned continuously. We
show qx as a function of γxy for the double-Q magnetic bub-
ble lattice in Fig. 3(a), and for the triple-Q magnetic bubble
and skyrmion lattices in Fig. 3(b). Here the symbols are from
the numerical calculation and the black lines are from the Eq.
(10). Apparently, the qx for the double-Q spin texture col-
lapses on the black line and shows a good linear dependence
on γxy. The qx for the triple-Q spin textures are also linear in
γxy but deviate from the black line due to poor quantization
of charge transport as reasoned above. Therefore, the linear
piezoelectricity is verified numerically and works for mod-
erate strains that preserve the intrinsic topology. Our results
suggest a new mechanism of piezoelectricity as a consequence
of the nontrivial topology.
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FIG. 3. Linear piezoelectricity induced by the deformation of spin
textures. (a) qx as a function of the deformation γxy for the double-Q
magnetic bubble lattice, and (b) for the triple-Q magnetic bubble and
skyrmion lattices. The black lines are from the response function Eq.
(10).
VII. DISCUSSION
The nonlinear response due to the translational motion and
deformation of the spin textures is associated with the second
Chern number. The quantized charge transport requires the
Fermi energy in the bulk energy gap. When this is not the
case, Eq. (9) is still valid but the transported charge is not
quantized. Therefore, the anomalous charge transport gener-
ated by the motion of spin textures occurs both in insulating
and metallic magnets. In our system, the electronic dynamics
is governed by the nontrivial topology of electronic structure
in the hybrid momentum space spanned by the crystal mo-
mentum and phason mode of the spin texture. This is different
from the emergent electrodynamics induced by the motion of
non-collinear spin textures according to the generalized Fara-
days law [7, 32, 33] or magnetization dynamics as a recip-
rocal process of the spin transfer torque [34]. Evidently, the
anomalous charge transport in the collinear spin textures and
in magnetic insulators can not be captured by the emergent
electrodynamics. Our predictions can be tested in B20 chi-
ral magnets [1, 2], f -electron materials [42, 43] and magnetic
heterostructures [44–46], where multiple-Q spin textures have
been observed in experiments. The quantized charge transport
can be possibly realized in a heterostructure with the multiple-
Q spin texture formed in a magnetic insulator layer or at the
interface through the proximity effect [47–49]. In materials,
the multiple-Q spin textures are pinned by defects. To drive
the spin texture into motion, a large driving force is needed in
order to overcome the pinning energy. The pinning-depinning
transition provides a clear way to distinguish the anomalous
charge transport from other contributions.
In summary, we reveal that the motion of spin textures has
significant effects on the dynamics of conduction electrons.
The semi-classical equation of motion of the electronic wave
packet is described in a high dimensional hybrid momentum
space. The hybrid momentum space is constituted of the phys-
ical dimensions and ancillary dimensions associated with the
phason modes of the translational motion of the spin textures.
The electronic states can be topologically nontrivial when the
6energy spectrum is gapped, and the nontrivial topology is
characterized by the first and second Chern numbers in the hy-
brid momentum space. The nontrivial topology results in an
anomalous charge transport. The charge transport is quantized
and can be used to extract the Chern numbers experimentally.
Our theory presents an entirely new mechanism for electric
current generation induced by the motion of multiple-Q spin
texture in magnetic insulators. Our results can be extended to
3D magnets with multiple-Q spin textures where even higher
dimensional topological physics can be realized.
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Appendix A: Semi-classical equation of motion
Here we consider a very general model of free electrons
coupled to a periodic modulation potential described by
H0 =
p2
2m
+
∑
ν
Vν(Qν · r), (A1)
and we study how the electron dynamics is affected by the
motion and deformation of the potential. The potential is the
linear superposition of a set of periodic functions Vν(Qν · r)
with the modulating vector Qν. The perturbation can be in-
duced by asking Vν(Qν · r)→ Vν(Qν · r + φν) where
φν(r, τ) = ωντ + Q′ν · r. (A2)
Here the first term shifts the potential and the second term de-
forms the potential. Apparently, the multiple-Q spin texture
model belongs to the category depicted by Eq. (A1). In the
semi-classical approach, the electronic state is described by
a wave packet that is highly localized at the center of mass
rc and kc in the phase space. Due to the localized nature,
when the perturbation is smooth compared to the length scale
spread by the wave packet, the approximate Hamiltonian for
the wave packet can be obtained by linearizing the pertur-
bation as φν(r, τ) ≈ φν(rc, τ) [35]. The leading order local
Hamiltonian is
Hc =
p2
2m
+
∑
ν
Vν(Qν · r + φν(rc, τ)) (A3)
and the first order correction is H1 = ∂rcHc · (r − rc). Here we
have
φ˙ν = ων + Q′ν · r˙c, (A4)
that depends on the velocity of the wave packet. Because Hc
has the same translation symmetry as H0, its eigenstates are
still the Bloch states of H0 as
|ψnk(r˜)〉 = eikµ r˜µ |unk(r˜)〉 (A5)
but with a shifted position r˜µ = rµ + φν/Qνµ due to φν(rc, τ).
The wave packet to the leading order can be constructed
from the Bloch states as
|Wn〉 =
∫
dkwn(k, τ) |ψnk(r˜)〉 , (A6)
where the electron dynamics is confined in a single band
whose dispersion is En(k) with n being the band index. The
interband coupling is encoded in the higher order corrections
and will be studied in the next section. In the following, we
denote rn and kn as the center of mass of the wave packet |Wn〉
in the phase space. To be self-consistent, we have
knµ = 〈Wn| kµ |Wn〉 =
∫
dk|wn(k, τ)|2kµ (A7)
that indicates wn(k, τ) is highly localized at kn, and
rµn = 〈Wn| rµ |Wn〉 =
∫
dk′
∫
dkw∗n(k
′, τ)wn(k, τ) 〈ψnk′ (r˜)|
(
−i∂kµeikγr
γ
)
eikγφν/Qνγ |unk(r˜)〉
= −i
∫
dk′
∫
dkw∗n(k
′, τ)wn(k, τ) 〈ψnk′ | ∂kµ |ψnk〉 − φν/Qνµ + i
∫
dk′
∫
dkw∗n(k
′, τ)wn(k, τ) 〈ψnk′ | eikγ r˜γ |∂kµunk〉
= −∂knµarg[w(kn, τ)] − φν/Qνµ + i 〈unkn |∂knµunkn〉
(A8)
where we have used the integration by parts and the fact that
〈ψnk′ (r˜)| eikγ r˜γ |∂kµunk(r˜)〉
=
1
N
∑
R
ei(k−k
′)·R 1
s0
∫
UC
dξunk′ (ξ)ei(k−k
′)·ξ∂kµunk(ξ)
=δ(k − k′) 〈unk′ (ξ)| ei(k−k′)·ξ |∂kµunk(ξ)〉 .
(A9)
Here N is the number of unit cells (UC), s0 is the area of a UC,
and we parameterize r˜ = R + ξ where R is the lattice vector
and ξ is within the UC centered at the the origin. Therefore∫
d r˜ =
∑
R
∫
UC dξ since unk(R + ξ) = unk(ξ).
The equation of motion can be obtained from the La-
7grangian L = 〈Wn| i~∂τ − H |Wn〉. For the first term, we have
〈Wn| i~∂τ |Wn〉 =
∫
dk′
∫
dkw∗n(k
′, τ) 〈ψnk′ (r˜)| i~∂τwn(k, τ)eikµ r˜µ |unk(r˜)〉
=i~
∫
dkw∗n(k, τ)∂τwn(k, τ) − ~
∫
dk|wn(k, τ)|2kµφ˙ν/Qνµ + i~
∫
dk|wn(k, τ)|2 〈unk(r˜)|∂τunk(r˜)〉
= − ~∂τarg[wn(kn, τ)] − ~knµφ˙ν/Qνµ + i~φ˙ν 〈unkn |∂φνunkn〉
=~k˙nµ∂knµarg[wn(k
n, τ)] − ~knµφ˙ν/Qνµ + i~φ˙ν 〈unkn |∂φνunkn〉
(A10)
where we use the fact that −~∂τarg[wn(kn, τ)] =
−~ ddtarg[wn(kn, τ)] + ~k˙nµ∂knµarg[wn(kn, τ)] and the total
time derivative is dropped because it just contributes a con-
stant to the action and does not affect the equation of motion.
To the leading order, the second term of the Lagrangian is
〈Wn|H |Wn〉 ≈ 〈Wn|Hc |Wn〉 = En(kn). (A11)
Now we combine Eq. (A8) and Eq. (A10) together that yields
the final expression of the Lagrangian
L(rn, r˙n, kn, k˙n) = ~k˙nµ
(
−rµn − φν/Qνµ + i 〈unkn |∂knµunkn〉
)
−~knµφ˙ν/Qνµ + i~φ˙ν 〈unkn |∂φνunkn〉 − En(kn).
(A12)
According to the Euler-Lagrange equation, the leading order
semi-classical equation of the motion is
r˙µn =
∂En(kn)
~∂knµ
− k˙nγΩµγn,kk − φ˙νΩµνn,kφ,
k˙nµ = 0.
(A13)
where the Berry curvatures
Ω
µγ
n,kk = i
(
∂knµ 〈unkn |∂knγunkn〉 − ∂knγ 〈unkn |∂knµunkn〉
)
, (A14)
Ω
µν
n,kφ = i
(
∂knµ 〈unkn |∂φνunkn〉 − ∂φν 〈unkn |∂knµunkn〉
)
, (A15)
are respectively defined in the crystal momentum space and
the hybrid momentum space consist of the crystal momentum
knµ and phason mode φν. In this sense, φν does play the same
role as the crystal momentum and the space dimension is tran-
scendent accordingly. The dynamics of φν follows Eq. (A4)
which is part of the equation of motion. The new contribution
−φ˙νΩµνn,kφ to the velocity of wave packet is due to the transla-
tional motion of the periodically modulated potential.
Appendix B: Higher order corrections to the equation of motion
To include the higher order corrections to the equation of
motion, we consider the wave packet with the first order cor-
rections. According to the perturbation theory, the eigenstate
of Hc + H1 up to the first order is
|ψnk(r˜)〉 = eikµ r˜µ
|unk(r˜)〉 + ∑
m,n
cm(k) |umk(r˜)〉

= eikµ r˜
µ
(
|unk(r˜)〉 + |u(1)nk (r˜)〉
)
,
(B1)
where |u(1)nk (r˜)〉 is the first order correction to the eigenstate and
cm(k) =
〈umk(r˜)|H1 |unk(r˜)〉
En(k) − Em(k) . (B2)
Thus the wave packet should be constructed from the cor-
rected eigenstates as
|Wn〉 = |W (0)n 〉+|W (1)n 〉 =
∫
dkwn(k, τ)eikµ r˜
µ
(
|unk(r˜)〉 + |u(1)nk (r˜)〉
)
(B3)
The self-consistent conditions of the wave packet are still knµ =〈Wn| kµ |Wn〉 and
rµn = 〈W (0)n | rµ |W (0)n 〉 + 〈W (0)n | rµ |W (1)n 〉 + 〈W (1)n | rµ |W (0)n 〉 (B4)
up to the first order. Here the first term is the same as Eq. (A8)
and the second term is
〈W (0)n | rµ |W (1)n 〉 = i 〈unkn |∂knµu(1)nkn〉 , (B5)
where we use the fact that 〈unk|u(1)nk 〉 = 0. Therefore the center
of mass is
rµn = −∂knµarg[wn(kn, τ)] − φν/Qνµ + i 〈unkn |∂knµunkn〉
+ i 〈unkn |∂knµu(1)nkn〉 + i 〈u(1)nkn |∂knµunkn〉 ,
(B6)
and the first order corrections come from the interband cou-
pling.
For the Lagrangian L = 〈Wn| i~∂τ − H |Wn〉, the first term
now becomes
〈Wn| i~∂τ |Wn〉 = 〈W (0)n | i~∂τ |W (0)n 〉 + 〈W (0)n | i~∂τ |W (1)n 〉
+ 〈W (1)n | i~∂τ |W (0)n 〉
(B7)
where the leading order term 〈W (0)n | i~∂τ |W (0)n 〉 is the same as
Eq. (A10) and the first order correction is
〈W (0)n | i~∂τ |W (1)n 〉 = i~φ˙ν 〈unkn |∂φνu(1)nkn〉 . (B8)
The dispersion relation is corrected to the first order as
〈Wn|H |Wn〉 ≈ 〈Wn|Hc + H1 |Wn〉 = E˜n(kn). (B9)
Now the Lagrangian becomes
8L(rn, r˙n, kn, k˙n) = ~k˙nµ∂knµarg[wn(k
n, τ)] − ~knµφ˙ν/Qνµ + i~φ˙ν 〈unkn |∂φνukn〉 + i~φ˙ν 〈unkn |∂φνu(1)nkn〉 + i~φ˙ν 〈u
(1)
nkn
|∂φνunkn〉
= ~k˙nµ
(
−rµn − φν/Qνµ + i 〈unkn |∂knµunkn〉 + i 〈unkn |∂knµu(1)nkn〉 + i 〈u(1)nkn |∂knµunkn〉
)
− ~knµφ˙ν/Qνµ
+ i~φ˙ν 〈unkn |∂φνukn〉 + i~φ˙ν 〈unkn |∂φνu(1)nkn〉 + i~φ˙ν 〈u
(1)
nkn
|∂φνunkn〉
(B10)
according to Eq. (B6). The Euler-Lagrange equation yields
the semi-classical equation of motion with the higher order
corrections as
r˙µn =
∂E˜n(kn)
~∂knµ
− k˙nγΩ˜µγn,kk − φ˙νΩ˜µνn,kφ,
k˙nµ = 0,
(B11)
where the Berry curvatures with the higher order corrections
are
Ω˜
µγ
n,kk =Ω
µγ
n,kk + i
(
∂knµ 〈unkn |∂knγu(1)nkn〉 − ∂knγ 〈unkn |∂knµu(1)nkn〉
)
+ i
(
∂knµ 〈u(1)nkn |∂knγunkn〉 − ∂knγ 〈u(1)nkn |∂knµunkn〉
)
,
(B12)
Ω˜
µν
n,kφ =Ω
µν
n,kφ + i
(
∂knµ 〈unkn |∂φνu(1)nkn〉 − ∂φν 〈unkn |∂knµu(1)nkn〉
)
+ i
(
∂knµ 〈u(1)nkn |∂φνunkn〉 − ∂φν 〈u(1)nkn |∂knµunkn〉
)
.
(B13)
Apparently, the equation of motion with the higher order cor-
rections are still in the same form as the leading order equation
of motion derived in the section above. The modified disper-
sion relation and Berry curvature with first order corrections
are induced by the interband coupling.
Appendix C: Unify the dummy index
In the notation above, the index ν = {1, 2, · · · } is for the an-
cillary dimensions associated with phason modes of the trans-
lational motion of the periodic modulation, while µ, γ = {x, y}
are for the physical dimensions. To unify the dummy indices,
we introduce the hybrid momentum space spanned by the gen-
eralized momentum
k˜ = (kx, ky, φ1, φ2, · · · ). (C1)
In the current notation, the equation of motion becomes
r˙µn =
∂E˜n( k˜)
~∂k˜µ
− ˙˜kνΩ˜µνn , (C2)
where the superscript of k˜n is dropped hereafter and in the
main text for simplification. Now µ, ν, γ = {x, y, 1, 2, · · · } are
equivalent. However, Eq. (C2) is meaningful only for µ = x
or y since the center of mass rn is confined in the real space.
Here the unified Berry curvature is
Ω˜
µν
n = Ω
µν
n + Ω
(1)µν
n ,
Ω
µν
n = i
(
∂k˜µ 〈un k˜|∂k˜νun k˜〉 − ∂k˜ν 〈un k˜|∂k˜µun k˜〉
)
,
Ω
(1)µν
n = i
(
∂k˜µ 〈un k˜|∂k˜νu(1)n k˜ 〉 − ∂k˜ν 〈un k˜|∂k˜µu
(1)
n k˜
〉
)
+ i
(
∂k˜µ 〈u(1)n k˜ |∂k˜νun k˜〉 − ∂k˜ν 〈u
(1)
n k˜
|∂k˜µun k˜〉
)
,
(C3)
where Ωµνn is the leading order Berry curvature and Ω
(1)µν
n is
the first order correction to the Berry curvature. The dynamics
of the generalized momentum follows
˙˜kν =
 0, for ν = x, yων + Q′νγ r˙γn , for ν = 1, 2, · · · . (C4)
The deformation of the periodic modulation potential couples
˙˜kν with r˙
γ
n that results in the nonlinear response of the system
to the deformation. The nonlinear response function will be
derived in the next section.
Appendix D: Nonlinear response function
The current density due to the motion and deformation of
periodic modulation potential (induced by spin textures) is
jµ = e
∑
n
∫
d2kr˙µn f (En − EF)Dn(r, k˜) (D1)
where Dn(r, k˜) is the phase space density of states (PSDOS).
In the absence of deformation, the phase space is homoge-
neous and the PSDOS is a constant as Dn = 1/(2pi)d where d
is the dimension of the system. However, due to the deforma-
tion, the phase space is inhomogeneous and we need to con-
sider the modification of PSDOS. The basic idea is to study
the time evolution of phase space volume element ∆V = ∆r∆k˜
that follows (1/∆V)d∆V/dt = ∇r · r˙+∇k˜ · ˙˜k [50]. The equation
can be solved [51] and yields the modified PSDOS
Dn(r, k˜) =
1
∆V
=
1
(2pi)2
(
1 +
1
2
Q′µνΩ˜
νµ
n +
1
64
εµνγδQ′µνQ
′
γδεηραβΩ˜
ηρ
n Ω˜
αβ
n
)
,
(D2)
where εµνγδ and εηραβ are Levi-Civita tensor with εxy12 =
εxy12 = 1. Plugging Eq. (C4) into Eq. (C2) and retaining
the terms up to the second order in ων and Q′νµ yields
r˙µn =
∂E˜n
~∂kµ
−ωνΩ˜µνn −
(
∂E˜n
~∂kγ
− ωδΩ˜γδn − ∂E˜n~∂kηQ
′
δηΩ˜
γδ
n
)
Q′νγΩ˜
µν
n ,
(D3)
which is in the same form of Eq. (8) but with modified disper-
sion relation and Berry curvature due to the first order correc-
tions. In the following, we will show that our finally results
are not changed by the first order corrections which can be
dropped. Now we substitute Eq. (D2) and Eq. (D3) into Eq.
(D1) and retain the terms up the second order in ων and Q′νµ
that gives
9jµ =e
∑
n
∫
d2k
(2pi)2
f (E˜n − EF)
[ (
∂E˜n
~∂kµ
− ωνΩ˜µνn
)
+
(
ωδΩ
γδ
n Q′νγΩ
µν
n − 12ωνΩ
µν
n Q′γδΩ
δγ
n
)
−
(
∂E˜n
~∂kγ
Q′νγΩ˜
µν
n − 12
∂E˜n
~∂kµ
Q′γδΩ˜
δγ
n
)
+
(
∂En
~∂kη
Q′δηΩ
γδ
n Q′νγΩ
µν
n − 12
∂En
~∂kγ
Q′νγΩ
µν
n Q′ηδΩ
δη
n +
1
64
∂En
~∂kµ
ελνγδQ′λνQ
′
γδεηραβΩ
ηρ
n Ω
αβ
n
)]
.
(D4)
Here we collect different terms with similar orders and forms
into four groups enclosed by brackets. The integral of the first
group just gives Eq. (4) where higher order corrections are
dropped. Since we focus on the Fermi energy in the bulk
energy gap that remains open upon weak perturbation, the
modified group velocity ∂kµ E˜n/~ and the first order correc-
tion to the Berry curvature Ω(1)µνn vanish under the integration
over hybrid Brillouin zone [52]. Therefore, the transported
charge described by Eq. (5) is unaffected by the higher order
corrections. Notably, the second group in Eq. (D4) is unaf-
fected by the higher order corrections. Because Ωµνn = −Ωνµn ,
Q′µν = −Q′νµ , and the dummy indices can be freely replaced,
we have
ωδΩ
γδ
n Q′νγΩ
µν
n − 12ωνΩ
µν
n Q′γδΩ
δγ
n
=
ωνQ′γδ
2
(
Ω
µν
n Ω
γδ
n + Ω
µγ
n Ω
δν
n + Ω
µδ
n Ω
νγ
n
) (D5)
for the second group. Here we use the transforma-
tion ωδΩ
γδ
n Q′νγΩ
µν
n → ωνΩνγn Q′γδΩµδn under δ ↔ ν and
ωδΩ
γδ
n Q′νγΩ
µν
n → ωνΩδνn Q′γδΩµγn under γ ↔ ν and then ν ↔ δ.
Therefore, the integral of the first two groups yields the non-
linear response function Eq. (9).
Next, we are going to prove the integral of the last two
groups are zero. For the third group, we use the same trick
as above and we get
∂E˜n
~∂kγ
Q′νγΩ˜
µν
n − 12
∂E˜n
~∂kµ
Q′γδΩ˜
δγ
n
=
Q′γδ
2~
(
∂E˜n
∂kµ
Ω˜
γδ
n +
∂E˜n
∂kγ
Ω˜
δµ
n +
∂E˜n
∂kδ
Ω˜
µγ
n
)
.
(D6)
For a fully occupied band at zero temperature, the integral of
Eq. (D6) yields
Q′γδ
2~
∫
d2kE˜n
∂Ω˜γδn
∂kµ
+
∂Ω˜
δµ
n
∂kγ
+
∂Ω˜
µγ
n
∂kδ
 , (D7)
where we use the integration by parts and the fact that both
E˜n and Ω˜
µν
n are periodic over the Brillouin zone. The three
terms in the bracket equal to zero according to the Bianchi
identity [53]. Therefore, the third group in Eq. (D4) does not
contribute to the current density. The last group vanishes due
to the antisymmetric property of Ωµνn and Q′µν. To show the
three terms are indeed canceled out, we take jy as an example
and we collect all the terms associated with ∂En~∂ky Q
′
1yQ
′
2x. Here
the first two terms give
∂En
~∂ky
Q′1yQ
′
2x
(
Ωx1n Ω
y2
n −Ωy1n Ωx2n
)
(D8)
and the last term yields
∂En
~∂ky
Q′1yQ
′
2x
(
−Ωx1n Ωy2n + Ωy1n Ωx2n
)
(D9)
where we use the property Ωµνn Q′γδ = Ω
νµ
n Q′δγ, Ω
µν
n Ω
γδ
n =
Ω
νµ
n Ω
δγ
n , and Q′µνQ′γδ = Q
′
νµQ
′
δγ. Obviously, Eq. (D8) and
Eq. (D9) are opposite to each other, and the last group has no
contribution to the current density.
Appendix E: Monte Carlo simulation
We present details of the model and numerical simulations
for the spin textures. We here consider two models in order
to describe three multiple-Q states: one is the effective spin
model derived from the Kondo lattice model for the double-Q
and triple-Q collinear spin textures and the other is the frus-
trated spin model for the triple-Q skyrmion spin texture.
The effective spin model is given by [54, 55]
H = 2
∑
ν
[
−J˜
{
α(S xQνS
x
−Qν + S
y
Qν
S y−Qν ) + S
z
Qν
S z−Qν
}
+K˜
{
α(S xQνS
x
−Qν + S
y
Qν
S y−Qν ) + S
z
Qν
S z−Qν
}2] − A∑
i
(S zi )
2,
(E1)
where Sq is the Fourier transform of Si and Qν [ν = 1, 2
(1, 2, 3) for the square (triangular) lattice] are the equivalent
wave vectors for the multiple peaks in the bare susceptibil-
ity of itinerant electrons. The bilinear interaction J˜ = 1 rep-
resents the effective Ruderman-Kittel-Kasuya-Yosida interac-
tion and the positive biquadratic interaction K = NK˜ with
N the number of sites represents the four-spin interactions
leading to the multiple-Q instability. α is introduced as the
anisotropy parameter for exchange coupling where α = 0 rep-
resents the Ising-type coupling. The third term represents the
easy-axis anisotropy (A > 0) for localized spins.
The simulations for the effective spin model are carried
out with the classical Monte Carlo simulations at low tem-
peratures. Our simulations are carried out with the standard
Metropolis local updates. The results are obtained for sys-
tems with N = 96 × 96 sites under periodic boundary con-
ditions. In each simulation, we perform simulated annealing
to find the low-energy spin configuration by gradually reduc-
ing the temperature with the rate Tn+1 = aTn, where Tn is
the temperature in the nth step. We set the initial temperature
T0 = 1.0 − 10.0. We take a = 0.99995-0.99999 and the fi-
nal temperature is typically taken at T = 0.001-0.01. We also
start the simulations from the multiple-Q spin configurations,
such as the double-Q and triple-Q collinear spin textures. We
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determine the magnetic phase by comparing their energies of
the obtained magnetic patterns in simulations. The double-
Q collinear spin texture in Fig. 1(a) is obtained at T = 0.01,
K = 0.5, α = 1.0, A = 0.5, and |Q| = 2pi/6 on the square
lattice, while the triple-Q collinear spin texture in Fig. 1(b)
is obtained at T = 0.001, K = 1.0, α = 0.0, A = 0.0, and
|Q| = 2pi/6 on the triangular lattice.
The frustrated spin model on the triangular lattice is given
by [56]
H =
∑
〈i, j〉
Ji jSi · S j − H
∑
i
S zi − A
∑
i
(S zi )
2, (E2)
where we consider the ferromagnetic nearest-neighbor cou-
pling J1 = −1 and antiferromagnetic third nearest-neighbor
coupling J3 = 0.5 in the first term, which gives the ordering
vector |Q| = 2pi/5. The second and third terms represent the
Zeeman coupling to an external magnetic field and the easy-
axis anisotropy, respectively.
The optimal magnetic phases in the frustrated spin model
are obtained from the Monte Carlo simulations based on the
Metropolis algorithm. The lattices have N = 100 × 100 spins
and the periodic boundary conditions. In the simulations, the
105 − 107 Monte Carlo sweeps measurements are performed
after equilibration. The triple-Q skyrmion spin texture in
Fig. 1(c) is obtained at T = 0.01, H = 0.27, and A = 0.5.
Appendix F: Time-dependent current
In the lattice model, the current through a bond connecting
lattice sites i and j is
Ii j(τ) = −i e~
∑
En≤EF ,σ
〈ψn(τ)| c†i,σti jc j,σ − c†j,σt jici,σ |ψn(τ)〉 ,
(F1)
where σ =↑ or ↓ for spin degree of freedom and |ψn(τ)〉 is
the time evolution of the eigenstate |ψn〉 that is obtained by
exact diagonalization of the Hamiltonian Eq. (1) at τ = 0.
The time evolution of eigenstates follows the time-dependent
Schro¨dinger equation i~∂τ |ψn(τ)〉 = H(τ) |ψn(τ)〉, which is
solved numerically by the Runge-Kutta method. The total cur-
rent Ix (Iy) is the sum of all the bond currents through a cross
section perpendicular to the x (y) direction.
Appendix G: Anomalous charge transport for the spin texture
ansatz
To compare with the numerical results for the spin textures
from Monte Carlo simulation, we study the anomalous charge
transport for the spin texture ansatz described by
Si =
0, 0,∑
ν
cos(Qν · ri + φν)
 . (G1)
The spin texture ansatz is exactly periodic and hence well
quantized anomalous charge transport is expected.
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FIG. 4. Electronic spectral functions of the magnets with the double-
Q collinear spin texture (a) and triple-Q collinear spin texture (b)
depicted by the ansatz as a function of φ1. Here the purple (yellow)
denotes low (high) density of states.
Here we consider a double-Q collinear spin texture with
Q1 = (2pi/a, 0) and Q2 = (0, 2pi/a), and a triple-Q
collinear spin texture with Q1 = (−2pi/a, 2
√
3pi/a), Q2 =
(−2pi/a,−2√3pi/a), and Q3 = (4pi/a, 0). We first study the
electronic spectrum to identify the topological property of the
system. For conduction electrons hopping on a square lattice
(whose lattice constant is set to unity), we fix a = 5 for both
the double-Q and triple-Q spin textures depicted by Eq. (G1).
While for the triple-Q spin texture, to make it commensurate
with the lattice, we compress the lattice constant along the y
direction to 1/
√
3 such that each supercell also contains 5 × 5
lattice sites. The energy spectra as a function of φ1 for the
double-Q and triple-Q spin textures when J = 1.5t and B = 0
in Eq. (1) are shown in Figs. 4(a) and 4(b), respectively. Here
we use the open boundary condition along the x direction and
the periodic boundary condition along the y direction. Appar-
ently, there are topological edge states in the bulk energy gaps
indicating the system is topologically nontrivial. To character-
ize the nontrivial topology, we calculate the Chern numbers of
the system. Here we focus on the Fermi energy in the bottom
bulk energy gaps in Fig. 4. In the 4D hybrid momentum space
of the double-Q spin texture, there are six first Chern num-
bers: Cx11 = C
y2
1 = 2 and C
xy
1 = C
x2
1 = C
y1
1 = C
12
1 = 0, and one
second Chern number: Cx1y22 = −2. In the 5D hybrid momen-
tum space of the triple-Q spin texture, there are ten first Chern
numbers: Cx11 = C
x2
1 = −Cy11 = Cy21 = −2 and Cxy1 = Cx31 =
Cy31 = C
12
1 = C
13
1 = C
23
1 = 0, and five second Chern numbers:
Cx1y22 = −2 and Cxy132 = Cxy232 = Cx1232 = Cy1232 = 0. The
first Chern numbers on different 2D planes and second Chern
numbers on different 4D hypersurfaces are independent of the
other momenta because the bulk energy gaps are open in the
entire hybrid momentum space.
We then study the anomalous charge transport induced by
the translational motion of the spin textures, which is pa-
rameterized by φν = ωντ. Here we consider the spin tex-
ture moving in the y direction same as that in the main
text. For the double-Q spin texture, we have ω1 = 0 and
ω2 = 2pit/100~, while for the triple-Q spin texture, we have
ω1 = −ω2 = 2pit/100~ and ω3 = 0. Thus the period of
11
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FIG. 5. Currents along the x and y directions for the magnets with
multiple-Q collinear spin textures depicted by the ansatz. (a) and (b)
Currents for the double-Q spin texture without and with deformation,
respectively. (c) and (d) Currents for the triple-Q spin texture without
and with deformation, respectively.
motion of both the double-Q and triple-Q spin textures is
∆τ = 100~/t. We calculate the currents due to the motion
of spin textures on a 40 × 40 lattice (containing 8 × 8 su-
percells). For the double-Q spin texture, the currents over
ten periods are shown in 5(a). By integrating the currents
over time, the average transported charges in one period are
quantized as qx = 0.00e and qy = 15.99e. According to Eq.
(5), the transported charges are qx = eN xω2Cx21 /|ω2| = 0e
and qy = eNyω2C
y2
1 /|ω2| = 16e. For the triple-Q spin tex-
ture, the currents over ten periods are shown in Fig. 5(c)
that gives qx = 0.00e and qy = 31.97e. The transported
charges are qx = eN xω1Cx11 /|ω1| + eN xω2Cx21 /|ω2| = 0e and
qy = eNyω1C
y1
1 /|ω1| + eNyω2Cy21 /|ω2| = 32e according to Eq.
(5). Apparently, the numerical results show a very good agree-
ment with Eq. (5).
To trigger the nonlinear response, one needs to deform the
spin texture. For the double-Q spin texture, we apply a shear
deformation of the spin texture by deforming the Q1 vec-
tor to Q1 = (2pi/5, 2pi/20). By shifting the spin texture in
the same way mentioned above, we obtain qx = −4.00e and
qy = 16.00e from the currents in Fig. 5(b). The numerical
results are also consistent with qx = eLxCx21y2 ω2Q
′
1y/2pi|ω2| =
−4e and qy = 16e according to Eq. (10). For the triple-Q
spin texture, we apply a shear deformation of the spin tex-
ture by deforming the Qν vectors to Q1 = (−2pi/5, 2
√
3pi/5 −
2
√
3pi/20), Q2 = (−2pi/5,−2
√
3pi/5 − 2√3pi/20), and Q3 =
(4pi/5, 2
√
3pi/10). In this case, the currents over ten peri-
ods are shown in Fig. 5(d) that gives qx = −7.98e and
qy = 31.96e. Eq. (5) yields qx = eLxCx12y2 ω1Q
′
2y/2pi|ω1| +
eLxCx21y2 ω2Q
′
1y/2pi|ω2| = −8e and qy = 32e as before that
agree with the numerical results. The numerical results of
anomalous charge transport for the spin texture ansatz are per-
fectly quantized and exhibit very good agreement with the re-
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